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ABSTRACT. In this paper, we study a class of Monge-Ampere type functionals arising
from the L, dual Minkowski problem in convex geometry. As an application, we obtain
some existence and non-uniqueness results for the problem.

1. INTRODUCTION

The characterisation problem of geometric measures in convex geometry has a long
history and strong influence on fully nonlinear PDEs. A best known example is the
classical Minkowski problem. For a full discussion on this problem and its resolution, one
may consult Cheng-Yau [I8] and Pogorelov [34]. Other important geometric measures
in Brunn-Minkowski theory include curvature measures and area measures, and the
associated problems of prescribing curvature and area measures were also intensively

studied. See Schneider’s book [35] for a comprehensive introduction.

Most recently Lutwak-Yang-Zhang [33] introduced the L, dual curvature measures
and proposed the associated Minkowski type problem. Let Ky be the set of all convex
bodies (i.e., compact convex sets that have non-empty interior) in R"*! containing the
origin in their interiors. Associated to each 2 € Ky are the support function u = ugq :
S™ — R and the radial function r = rq : S — R, which are respectively defined by
u(r) =max{x-z: z € Q}, and r(§) = max{\: A € Q}. Let 7#(§) = 7q(§) := ra(&)E.
Then 092 = {7(§) : £ € S"}. Denote by v = vq : 92 — S™ the spherical image, namely
v(z) ={x € S": z-x = ug(zr)}. With these notions in hand, the radial Gauss mapping
o/ = gl and the reverse radial Gauss mapping &* = o7; are defined as follows: for
any w C S",
a1) A (w) ={v(7(§)) : € €w},

g (w) ={£€S": v(F¢)) € w}.
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In [33] the L, dual curvature measures 5p,q(Q, -), where p,q € R, are a two-parameter
family of Borel measures on S”, defined byE|
~ r1(€)
(1.2) Cpq(Q,w) :/ —_—
P () WP (A (£))
The associated Minkowski type problem was posed by Lutwak-Yang-Zhang [33]: Given

ngn (f)

a finite Borel measure p on S™, find necessary and sufficient conditions on p so that it is
the L, dual curvature measure of a convex body. If 11 is absolutely continuous w.r.t. og»
and f = ﬁ:; is the Radon-Nikodym derivative, then, in terms of the support function

u, the problem reduces to the following Monge-Ampere equations

n+1

(1.3) det(Vu+ ul) = (v + |Vul?) 2iqup_1f(:1:) on S",
where V is the covariant derivative w.r.t. an orthonormal frame on S™.

The L, dual Minkowski problem includes the classical Minkowski problem as a special
case, and unifies the L,-Minkowski problem and dual Minkowski problem introduced
in [25, BI]. There is a large number of papers devoted to these problems, see e.g.
[4], 7, 16, 17, 19, 21, 30} 32] for the L,-Minkowski problem, and [5], [15] 24] 25| 29, B8] for
the dual Minkowski problem.

The L,-Minkowski problem amounts to solve (1.3) with ¢ =n + 1. It is of particular
interest, as the problem describes the self-similar solutions to the flows by powers of the

Gauss curvature [3, 22]:
(1.4) 0 X(z,t) = —K*(x,t)v(z,t),

where X (-,¢) is a time-dependent embedding of a family of convex hypersurfaces M,,
K(-,t) and v(+,t) denote the Gauss curvature and unit outer normal of M, respectively.
In fact the self-similar solutions to satisfy with f=1and p=1—1/a. For
a =1, flow (1.4)) was first studied by Firey [20] to model the shape change of tumbling
stones. It was conjectured that, when a > 1/(n + 2), flow deforms each convex
hypersurface in R™*! into a round point. Andrews proved the conjecture for the case
n = 1in [2], and for the case n = 2 and a = 1 in [I]. Very recently Brendle-Choi-
Daskalopoulos [§] resolved this conjecture for all dimensions n > 2. This shows that
u =1 is the only solution to (1.3) when ¢ =n+1,p € (—n—1,1) and f = 1. However

I Lutwak-Yang-Zhang’s L, dual curvature measure [33] is more general than , as their definition
allows a dependence of a fixed star body @ (i.e. a compact star-shaped set about the origin). If @ is

taken as the unit ball B; C R"*!, then their conception is formulated by (1.2]).
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for non-constant f, the L,-Minkowski problem admits multiple solutions when p < 0
[23, 27, 28, 37].

For general p,q € R, the existence of solutions to (1.3)) was partially addressed in
[0, 12, [14), 26], and the uniqueness of solutions was proved for p > ¢ [26] 33]. The main
goal of this paper is to show a non-uniqueness result for the L, dual Minkowski problem.
We say u € C?(S") is uniformly convex if u is the support function of a convex body
whose boundary has uniformly positive principal curvatures. Our main result is the

following.

Theorem 1.1. Let f = 1. Then equation (1.3) admits an even, smooth, uniformly
convex, positive solution u % 1, provided that p,q € R satisfy one of the following

(Al)g—2n—2>p >0,
(A2) ¢ >0 and —¢* < p < min{0,q — 2n — 2}, where ¢* is given in (1.9)) below.
(A3) p+2n+2<¢<0.

Clearly u = 1 is a solution to for f = 1. Hence our Theorem shows that if
one of (A1)-(A3) holds, then besides the unit ball By there is another origin-symmetric
convex body 2 whose L, dual curvature measure coincides with the standard spherical
measure gs». Since is not affine-invariant unless ¢ = —p = n + 1, ellipsoids are not
solutions to the problem in general. In [24] the authors showed that, if f =1, n = 1,
p = 0, and ¢ is an even integer no less than 6, then has a non-constant solution.
Our Theorem [1.1] (A1) extends their result.

Theorem [L.1] follows from Theorems [1.2] & [I.3] below. Both theorems are proved by
studying a Monge-Ampere type functional ((1.5)). For any finite Borel measure o on S™

and integrable function g, we use the following convention:

1
gdo := / gdo.
fn U(Sn> Sn

Let p and p* be two finite Borel measures on S™. Consider the functional:

(1.5) Tpag o (§1) = Py (Q) + Vg - (), for 2 € K,

where

1
~log f uh(a)du(a), it p 0
(1.6) b, (=4 P I
—][ log ug(z)dpu(x), ifp=0,



and

“log f (O (©), g0
(1.7) Wy (@) = 1

F logra(@di(©). ita=o

Observe that 7, 4., 15 homogeneous degree zero, namely

(1.8) Tpair(182) = Tp g (€1), V1> 0.

For convenience, we shall omit sometimes the subscript p (or p*) in (1.5)-(1.7)) if © (or
w1*) is exactly the standard spherical measure. We will see that, up to a rescaling, (1.3])
is the Euler equation of functional ([1.5)) for du = fdos. and du* = dogn.

Let K§ C Ky be the set of all origin-symmetric convex bodies. By a Blaschke-Santald
type inequality [13], we are able to use a variational argument to prove Theorem [1.2
below, which shows the existence of origin-symmetric solutions to the L, dual Minkowski

problem.

To our best knowledge, even for the symmetric measures, Theorem 1.2 under condition
(B2) gives the first existence result for the problem when p < 0, ¢ > 0 and ¢ # n + 1,
hence is of particular interest. We point out that, under condition (B1) or (B3), the
existence of origin-symmetric solutions was obtained in [12} 26] and in [29] for p = 0. As
this existence result is needed in our main result Theorem [I.1], we still include a proof

in this paper for reader’s convenience.

Theorem 1.2. Let du* = dogn, du = fdosn, [ be an even function on S", and 1/C <
f < C for some constant C > 0. Assume that p,q € R satisfy one of the following

(B1) p>0 and ¢ >0;

(B2) ¢ > 0 and —q* < p <0, where ¢* > 0 is defined as
(4
qg—n
(1.9) .= n;(—ll if ¢q=n+1,
qg—1

+oo if 0<qg<1.

if gq>n+1,

if 1<qg<n+1,

\

(B3) p <0 and g <0.



Then there is a convex body §dy € K such that

(1.10) Tpan(Qo) = max{Tpq,(Q) : € LG}
Moreover 0y is strictly convex and is C*7 for some v € (0,1), and satisfies
(1.11) 5p,q(Qo,w) = Aq, / fdogn, for any Borel set w C S",
where
Udgen
(1.12) Aoy = fS”T—US.
Jgn uPdp

If [ is additionally smooth, then the support function uq, is an even, smooth, uniformly
convez, positive solution to (1.3) with f replaced by Mg, f.

Forp # q, SN20 = /\S’-’? Qo solves the L, dual Minkowski problem, namely (NZO satisfies
(1.13) 5p,q(§0,w) = / fdosn, for any Borel set w C S",

and ug, 1s an even, smooth, uniformly convex, positive solution to (1.3), provided f is

additionally smooth.

Remark 1.1. In [26], the existence of solutions to (1.3) when f is not necessarily even
was obtained for p > q. When p < q, the existence result, without evenness assumption
on f, becomes much more difficult. It was available for p > —n — 1 and ¢ =n + 1 [19],
and for p > 1 and ¢ > 0 [6]. In a subsequent paper [14], we will prove that, for p > 0
and all ¢ € R, the problem admits a weak solution if the prescribed measure p is not

concentrated on any closed hemisphere, while the evenness of u is not required.

Remark 1.2. As in [4], we are able to prove by approximation the L, dual Minkowski
problem admits an origin-symmetric solution when p, q satisfy condition (B2) in Theorem
and f is an even and nonnegative function on S", fS" fdosn > 0, and L%—
integrable (when ¢* # +o0) or L®-integrable for some s > 1 (when ¢* = 4+o00) . See
Theorem in Section 3 below.

We then show that, if 4 = p* = ogn and ¢ > p + 2n + 2, then the unit ball B; is not
a maximiser of (1.10]). This together with Theorem [I.2] proves Theorem [L.1]

Theorem 1.3. Let p = p* = osn. If ¢ > p+ 2n + 2, then there is an even function

n € C®(S"), and a small € > 0, such that the conver body 4 € K§, whose support
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function is u(z,t) = 1+ tn(x), satisfies
(1.14) Tpa(B1) < Tpq(t), fort e (0,¢).

This paper is organised as follows. In Section 2, we calculate the first and second
variations of functional . We show that Bj is an unstable critical point of the
functional J,, provided ¢ > p + 2n + 2, which consequently proves Theorem . In
Section 3, we prove Theorem via variational argument, and then complete the proof
of Theorem [I.1 The Poincdre inequality on S™ is related to the stability of B; under the
functional . It can be obtained by studying the eigenvalues of the spherical Laplace
operator [36]. In Section 4, we provide an alternative proof for the Poincére inequality
with sharp constant via the uniqueness of the self-similar solution to the flow when

a > 1, 2 8], which makes our paper self-contained.

1
v |
2. SECOND VARIATION FOR MONGE-AMPERE TYPE FUNCTIONAL ([1.5)
Let u and r be respectively the support function and radial function of Q € .

Given any n € C°(S™), there is an € > 0, depending on ming. v and maxgn |7|, such that
u(z) +tn(x) > 0 for all x € S™ and |t| < e. Consider a family of convex bodies

(2.1) QG ={z: z-z <u(z)+tn(z), x € S"}, for|t| <e.

Let u(z,t) and r(x,t) be the support function and radial function of €.

Lemma 2.1. Suppose that 0 is C' and strictly convex at zy € 0Q. Then the limits

below exist
u(zo, t) — u(xg,0)

'LL(.T()) = lim

Y

t—0 t

. 1 T(£07 t) — T(an O)

T(SO) T lg% t )
where xq is the unit outer normal of O at zy and § = 2o0/|20| = G (o). Furthermore
(2.2) (o) = n(o),
and

7 u

(2.3) (&) = —(20).

Proof. By ([2.1)) and the definition of support function, we have

(2.4) u(z,t) <wu(z)+tn(x), foral zeS" |t <e.
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Therefore

(2.5) lim sup w2, 1) = ulo,0)

t—0t t

< n(zo)-

On the other hand, let u.,(x) = u(z) — 2o - v and u,,(x,t) = u(z,t) — 2o - . Since 02 is

C' at zp, one infers that there exists a 2; € S" so that
(2.6) Uz (20, 1) = (s, + tn)(z) with 2y — x9 as t — 0.

For this, as u,(xo,0) = uy(xe) = 0, if 2;, — 1 then u,,(x;) = 0 and so z; is a unit

outer normal at zy. Hence x; must coincide with zy. Therefore, by u.,(z;) > 0,

(2 7) lim inf U(LEO, t) _ u(mo’ 0) — liminf Uz (330, t) — Uy, (xO)
' t—0+ t t—0+ t
— liminf 22 (ze) + tn(@,)
t—0t t
> 1(zo).

For t — 07, (2.4) and ({2.6)) give respectively

u(zg, t) — u(wo, 0) u(xg, t) — u(zg,0)

lim inf > n(zp), and lim sup < n(zo).
t—0- t t—0- t
Hence follows.
Next we prove (2.3). For this, let h(z) = (n/u)(z) € C°(S"). By (2.2)), we have
(2.8) u(zo, t) = u(zo) + tn(zo) + o(t).
It follows that
0 = —logr(&) +logu(zy) — log(& - xo)
= —logr(&) + logu(zo, t) — log(&o - o) + (log u(zo) — log u(o, t))

(2.9) > —logr(&) + logr(&o, t) — th(xg) + o(t).

On the other hand, since 0f2 is strictly convex at zy, there is a & € S™ such that
—logr(&,t) =log(& - xo) — logu(xg, t) with & — & ast — 0.
This together with shows that
0 < —logr(&) +logu(zo) — log(&: - o)
= —logr(&) + logu(zg) — (log u(zo,t) — log r({t,t))
(2.10) = —logr(&) + logr(&o,t) — th(zg) + o(t).
We complete the proof by and .
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In the rest of this section, we always assume that w is uniformly convex. Then the
radial Gauss mapping « and the reverse radial Gauss mapping «7*, defined by ([1.1)),

are one-to-one mappings. Given w C S", we consider the “cone-like” region inside €2
C={zeR"™: 2= Y2), A€ [0,1], v € w},

where v denotes the spherical image of ). It is well-known that the volume element of

C can be expressed by

1 u(z) 1

Nol(C) = T K@y @ = o

r"tH(E)dos (€),

where K (z) is the Gauss curvature of 02 at z. It follows that the determinants of the
Jacobian of the mappings &7 and &/* are given by

[Jacer"|(x) = - u(x)

(2.11) . ?
Jacer|(6) — T HOK (@)

Let n € C*(S™). By the uniform convexity of u, there is a small ¢ > 0 such that,
for all |t| < ¢, (i) € defined by (2.1) lies in Koy; (ii) u(z,t) := u(z) + tn is the support
function of Qy; and (iii) u(z, t) is uniformly convex. Let us compute the first and second

variations of functional (|L.5]).

Proposition 2.1. Let Q2 € Ky be a convezr body whose support function u is uniformly
convex. Givenn € C™, let ) be the convex bodies defined by (2.1)). Let du = fdosn and
du* = f*dosn. Denote bya=n+1—q, 8 =p—1. Then

d 1
(2.12) It t_ojp,q,u,u*(gt) - | rqd,u*/g Ip.q s (2)0(2)dosn (),
- Sn n

where

I — M f(z), with)\:fgn

Ty (@) = raw

and K is the Gauss curvature of O$) calculated at vg* (z).
8



If Q is a convex body satisfying Jp g0 =0, then

d2
@ quuosn (Qt)

; un + Vu-Vn
- f updu{/ (Zh] +H77>u377d,u—oz/gn u (r o 2)? nag
B uTindp + —fi ;pzu</sn uﬁndu)Q},

where {h"} is the inverse matriz of {u;; + ud;;}, and H = > h' is the mean curvature

of 052.

(2.13)

Proof. Note that, for all |t| < &, 9§ are C? and strictly convex, with uniformly convex
support function u(z,t) = u(x) + tn. Denote by r = r(£,t) the radial function of ;.
Hence, by (2.11)) and Lemma we compute the first variation of ([1.5)) as follows

dtjp,q,u,u (62:) fSn uPdp ][n wnap fS” radu* fgn : r H
1 1 [ o
- - B d Qs d n
T o 1 i o o R
1 f* o Jon dp*
( ) fgn quﬂ* { /n (’f’ Odét)aKn s fSn upd:u /S" B fn o8 }7

where the geometric quantities above are of €2;. Taking t = 0, we get (2.12)).

Note that r o oy, = \/ud, + |Vug,|?. Letting pu* = ogn in (2.14) and then differenti-
ating (2.14) w.r.t. ¢ again, we further calculate, by the assumption J, ¢ 0 =0,
d2
a e

1 i Ui
N 3" S (g + 06iy) —— e dogn
fgnrqdagn{/ S5 (mj +n ])(To%“)o‘ s

B un+ Vu - Vn B 514 2
a/ —(ro,;z{*)a+2K ndosn — A3 Snu fndogn

e Zpdu</sn (ro dg)a[(d‘fgn) </§ uﬁndu> +p%</n u%duf}

Jsn updu>

1 gl U77+VU~V17
_ M{/Snuﬁ(Zhﬂm+Hn)ndu_a/nuﬁr—2nd“

- P—q P 2
-5 17]2d,u+—</ U ndu) }

This finishes the proof.

(2.15)

jpaqvﬂngn (Qt)




By virtue of Proposition [2.1, we are able to prove Theorem

Proof of Theorem[1.3 Let n € C*°(S") be an even function. As the unit ball B; is
uniformly convex, there is a small € = ¢, > 0, depending on 7, such that, for all || < ¢,
Q) ={zeR"™ :2-2<1+tn(x),  €S"} has support function u(x,t) =1+ tn(x),

which is positive and uniformly convex. Clearly Q) € K.

By Proposition

(2.16) Tna(Q) =0,

s
and
d2

2
< d )
dt? ¢ n4os

n

:ij,q(Q?) = ]én (nAn+ (n — o — B)n*)dosn + (p — q)<][

\2
(2.17) = (¢ —p)][ (n—7) dosn — £ |Vn[*dogn,
sn sn
where 7 := f;, ndosn is the mean value of 7).

By (i) in Theorem [4.1| below, there is an 1y € C*°(S™), with 7o = 0, 19 Z 0, such that
2n+2+ %(5197(1) ]én nadogn > g |Vnol2dogn.
where
Opg=q—p—2n—2>0.

Then for €, := Q}°, whose support function is 1 + ¢r, one has by (2.17))

d? 1
— 0) > =6 2dogn > 0.
di2 tzojp,q( t) > 5°p.a ]én nodogn >0

For ¢y = &,, > 0 very small, one knows that d€); is smooth and uniformly convex for all
|t| < 0. Hence by (2.17) and (2.18)

Toal @) = FoualB) 41|

> *717711(31)7 for t € (0780)7

(2.18)

d2
T () + t2

2" di2l; jp q(Qt) + O(t2>

provided ¢f, depending on 7, is sufficiently small.

O

Remark 2.1. When p =0 and ¢ = n + 1, the second variation of the functional was

obtained in [22].
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3. PROOF OF THEOREMS [I.1] & 1.2

In this section, we first prove Theorem [1.2] This together with Theorem shows
Theorem [1.1]

Given 2 € K, the polar set of €2 is defined as follows
V={yeR":y.2<1 Vel

The following generalised Blaschke-Santal6 inequality was proved in [13].

Theorem 3.1 (Blaschke-Santalé type inequality [13]). Given ¢ > 0, let ¢* > 0 be the
number giwen by (1.9). For v € (0,q*], v # +oo, there is a constant Cy 4 > 0 such
that,

1 1
(31) <f ngdOSn) ! (][ ng*dagn> ! S Cn7q,»y, VQe ICS
Theorem enables us to solve the optimisation problem ({1.10]).

Proposition 3.1. Under the assumptions of Theorem[1.9, there is a convex body Sy €
IC§ solving the maximisation problem ((1.10]).

Proof. We prove Proposition [3.1| when either (B1) or (B2) holds. For the case (B3), we

use a dual argument.

Assume that either (B1) or (B2) is satisfied. We have p < 0 and ¢ > 0. By the
homogeneity (1.8), it suffices to show there is a Qy € K, with U, ., (£y) = 0, such that

(3.2) By () = g {2yl 1 Wi () = 0,

where
1
_ —];/ ugdp, if p # 0,
Dpu(S2) ==
—/ log uqdu, if p = 0.

For (3.2)), let {Q;} C K§, with ¥, ., (2;) = 0, be a maximising sequence. We denote

uj = ug; and 1; = rq; for convenience. We claim

(3.3) max u; < C,
for some C' > 0, independent of j. We next prove (3.3 (under the assumption (B1) or

(B2)) case by case: (i) p < 0; (ii) p = 0; (iii) p > 0.
11



Case I p < 0. We follow an argument in [19]. Let 6 > 0 be a fixed small constant.
Set S =S"N{u; <3}, $=S"N{d <u; <1/5} and S = S" N {u; > 1/5}. Since Q;
is origin-symmetric, we conclude that
(3.4) 15| =0, |S)| =0, as L; := max uj — 00,

Let Q* be the polar set of €, and r} = o It is well known that 7} = 1/uj, see e.g.
[35]. Denote v = —p > 0. By condition (B2), v < ¢*. We have
~ 1

q)pvu(Qj) = _/. . .uj_’yde-S"
7 Jsjusjus

< C/_r;7d0§n+05|55|+057

1

< c(/S i dos )7 |S{T 4 ColS3) + 09,

for any v < ¢’ < ¢*. Since f., r’dos. = 1, if L; — oo, then by (3.1)) and ({3.4])
sn Ty j
lim sup EIVDID,#(QJ') <.

Jj—o0
As EDWL(QJ-) > :151,7“(31) > 0, we arrive a contradiction by letting ¢ — 0.
Case II: p = 0. Let [; = ming»r; and L; = maxg» ;. By a rotation of coordinates
we may assume that L; = r;j(e;). Since €2, is origin-symmetric, the points £L,e; € 0.

Hence
(3.5) uj(z) =max{z-z: v €Q;} > Lijlr-eq], VeSS
Therefore

Bu() < ~(ogL)/C ~ [ ogle- el f(w)doen ()
< —(logL;)/C+C,

which implies that EIVDI,’M(QJ-) — —oo, if L; — oo. This cannot occur as {Q;} is a
maximising sequence.
Case III: p > 0. Again let L; = maxg» r;. As in Case 1I, we have (3.5)). Hence
~ 1

P, () < ——/ uidp < —L5/C — —oo if Lj — oo.
P J{zesn: 1‘-612%}

Since {€2;} is a maximising sequence, one infers L; < C.

Combining Case I-I1I, we have proved (3.3 under the assumption (B1) or (B2).
12



Let w] = maxgesn (uj(2) + uj(—x)) and w; = mingesn (uj(z) + u;(—x)) be the
maximum and the minimum of the width of 2;. We next show that
(3.6) w; >1/C,
for some C' > 0, independent of j. This estimate together with (3.3) means that €2; is
of uniformly good shape.

For 0 < g < n+1, we have
n+tl
1= (f rtdoss) < 13 idosn < CVolume(s) < ()",
n sn

j i) Wi
which shows (3.6) by using (3.3)).

For ¢ > n+ 1, we have

i \4
1= ][n ridog. = (w; ) ]én <w_j+> dogn < C(w})*""Volume(;) < C(w])" w; .
j

Again, (3.6) follows from (3.3)).

As above, |; = ming» ;. Assume without loss of generality that [; = r;(e;). By the

symmetry of €2;,
i >ri©)lE e, VEES

For ¢ = 0, we thus have

0= ][ log rjdosn <logl; — ][ log |€ - e1|dosn < logl; + C.
n Sn

This shows that [; > ¢ for some 6 > 0 uniformly, and so (3.6) follows.
In virtue of (3.3) and (3.6), we conclude by the Blaschke selection theorem that €,

after passing to a subsequence, converges to a €y € Kf in Hausdorff distance, thus

completing the proof under the assumption (B1) or (B2).

For case (B3), let {Q;} C Kf be a maximising sequence of functional 7,,,. Let

/ ju—

p'=—qand ¢' = —p, and ] be the polar set of ;. One easily sees that

(3.7) Tp,q oo (€) = \71)’711’703%#(9*) v Qe K.

It then follows that {2} is a maximising sequence of Jp g 5. - Observe that if p, q
satisfy (B3), then p/, ¢ satisfy (B1). Hence, by our previous argument for (B1), it is not
hard to conclude that, after a proper rescaling, ¢;{; converges to a {25 € Kf such that

jp/’q/’osn’/j(ﬂg) = max{jp/’q,psn’u(ﬂ) = ]CS}
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By (3.7), we conclude that Qy = €2 satisfies (1.10). Note that if p/, ¢ satisty (B2),
then p, ¢ also satisfy (B2). Hence we would not get more by applying the above dual
argument to (B2).

O

We then show that, after a dilation, the maximiser 2y obtained in Proposition [3.1]is
a solution to the L, dual Minkowski problem, under an additional assumption: 0€) is

C! and strictly convex.
Proposition 3.2. If 9 is C' and strictly convex, then Q satisfies (1.11]).

Proof. Let u and r be respectively the support function and radial function of €2y. For
any even function n € C°(S"), let Q; € K be the convex bodies given by (2.1)), with u
replaced by ug. Denote by u(z,t) and r(z,t) the support function and radial function
of ;. By Lemma [2.1] we have as in proof of Proposition [2.1

d 1 rd
- = - | — p—1 . )

By [33 Lemma 5.1], we further calculate

d 1 .
n =———-A P~Ind P=LpdC. (Q.-)).
dt‘t:o fgn ridogn ( Qo /n ut o nap + /n u”" ndCyp 4 (o, ))

Since () is the maximiser and 7 is arbitrary, we deduce that

/ gdé’p,q(Qg, ) = )\QO/ gdu, ¥ even function g € C°(S"),
N n

thus completing the proof by the evenness of f.

(3.8) Tp.au(§d)

O

Proposition 3.3. Let Qg be the maximiser obtained in Proposition [3.1. Then 0y is

strictly convex and is CY7 for some v € (0,1)

Proof. Let u be the support function of 2y and u = uq, be its homogeneous degree one

extension, namely % : R"*! — R, defined by

w(Y)=sup Y- Z

ZeQ

The face of )y with outer normal Y € R**! is then given by

Fo,(Y)={Z€Q: aY)=Y -2},
14



which lies in 0€y provided Y # 0, and
(3.9) Di(Y) = Foy(V),

where 0u(Y) :={X e R"™ : w(Z2) > a(Y)+(X,Z-Y), VZ € R""! } is the subgradient
of w at Y. See Schneider’s book [35] for all this.

For e € S™, let L be the hyperplane in R™™! which is tangential to S at e. Denote
by m = e : R — S" the radial projection from L, to S™,

m(y) = —LC

VI+yP?

Let v = ve : R™ — R be the restriction of @ on L, that is

(3.10) o(y) = Ay +e) = 1+ [yPu(r(y)).
It is not hard to check by and that

(3.11) du(y) ={X — (X -e)e: X € du(y +e)}.

Let H"™ denotes the n-dimensional Hausdorfl measure. Recall that the surface area

measure S(€, ) is defined as

(3.12) S(Qo,w) = H" (v, (w)), for Borel set w C S".
It follows from ([3.9))-(3.11]) that for any D C R"
(3.13) M,(D) = / (z,6) dS(Qp, 7).

w(D)

where #,(D) := H™(0v(D)) is the Monge-Ampere measure associated to v. We claim
that, S(, -) is absolutely continuous w.r.t. og», and there is a C' > 0, such that

dS(Q, -
(3.14) 1/C < 0g, = 4S5 ) _
asn
Note that gq, is the reciprocal Gauss curvature if €y is C? smooth. Once (3.14) is
proved, we deduce by (3.13) and det Dr(y) = (1 + |y|?>)~"% that
00, O T
(3.15) dMy, = ————=dy.
(L+[yl2)=

For (3.15), one may consult [I8, B5] for a full discussion. By (3.14) and (3.15), the

density of the Monge-Ampere measure of v in a compact set is bounded between two
constants. For a given yo € R", let £,, be the support function of v(y) at yo. In view
of (3.11)), the contact set Cy, := {y € R" : v(y) = £,,(y)} cannot contain a straight

line in R". Hence we conclude by [9] [I1] that v is strictly convex and C’llo’zl for some
15



v € (0,1). See also [19]. This implies that 0 is strictly convex. Let ¢ : D’ — R be
the convex function such that {(z,¢(z)) : x € D'} C 99y, where D' is a closed convex
domain, containing the origin, lying in Qy N {X € R"" : X - e = 0}. One can check
that ¢ is exactly the Legendre transform of v. Therefore, by(3.14) and (3.15)), d.#Z,/dx
is bounded between two positive constants. By [9, 1], ¢ is C* for some v € (0, 1).

It remains to show (3.14). For n € C°(S™), consider

Q={zeR"™: 2.2 <e"Dy(z), VeSS,

which is a perturbation of €. Denote by u' = u(z,t) and r* = r(&,t) the support and
radial functions of €. It follows from [33, Theorem 6.4] that
(3.16) gy = ;/ ndC (. ).

dt li=o Jon T0dosn Jgn e

Since u' < eu, one has
1 li
(3.17) T
By (3.16]) and (3.17)), we obtain
0 > lim jp,q(Qt) — jp,q<90)

T 0t t

1 _
— =) Pnd dC,(Q, -
Jn T'qu'Sn{ o /Snu K u+/gnn o(o, )}
1
— —{ — )\QO/ uP fndogn —I—/ (ro,fzfgo)q_"_lundS(Qo, )},
Sn n

fS” quo'gn

where Aq, is given by (1.12)), and the last equality is due to [25, Lemma 3.7]. Since 7 is

arbitrary, u and r are bounded between two positive constants, we get

09y S C

Let Qf be the polar set of Qg. Then r* = 1/u, see e.g. [35]. For n € C(S"), consider
QF = conv{e"@r*(g)z . x € S"},

and Q; = (QF)*. Denote by u* = u*(¢,t) and r** = r*(x,¢) the support and radial
function of QF, by u' = u(z,t) and r* = r(£,t) the support and radial function of .
Since r* > e'r* one gets u' < e "u. Therefore

t _
(3.18) lim u'(z) —u(z)

t—0t t
16
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By [33 Theorem 6.1},
(3.19) LA (r) = —;/ dC,(, )
' dtli=o * N fSn ridosn Jen 14%q\350,)-

It follows by (3.18) and (3.19)
0 > lim Pralll) = Jne(Sh)

T =0t t

1
{)\QO /n uP fndogn — /n (ro Mgo)q’"’lundS(Qo, )},

fSn rquSn

which shows that

QQO Z 1/0

This completes the proof.
O

Remark 3.1. To see the mazimiser of the optimisation problem (1.10)) is a solution to
the L, dual Minkowski problem (L.11), one can also follow the argument in [25, Lemma
5.1].

We are at the position to finish the proof of Theorem [I.2]

Proof of Theorem[1.9. By Proposition 3.3} it remains to show u = uq, is smooth
- 1
and uniformly convex. Note that for p # ¢, it is not hard to see 2y := Ag “€) satisfies

(1.13), and ug, solves (L.3). By the homogeneity ({1.8)), Q is also a maximiser for (1.10)).
By [25, Lemma 3.7 and [33, Proposition 5.4], it follows from (3.8)) that, V n € C°(S"),

d 1 - o
%Lfojp,q,u(gﬁ = T ridog <— /\Qo/ uP ' fdogn —|—/ (ro )" 'ndS(Q, ))
- g " i n
Since Qg is the maximiser of (1.10]), we obtain
dS(Q, -
(3.20) —Sd(ag(: ) _ Aoy (10 @G )" WP

Given any e € §", let v and ¢ = v* (the Legendre transform of v) be as in Proposition
3.3l Then
n+l+p

(3.21) det D*v = g, (1 + |y[3)~ "2 “o? (| Dv|2 + (Dv -y —v)?) "2 " for,
17




and

n+1 n+l—q _1

in the Aleksandrov sense. By Proposition v and ¢ are strictly convex and are 01’7

n+1+p

(3.22) det D*p = Ao (1+|D¢*) 2 (Dp-z—@) P(|z]?+¢*)~

for some v € (0,1).

If f is Holder, then the right hand sides of and are both Holder continu-
ous. By [10], v and ¢ are both C?*7" for some 7' € (0,1). Smoothness of v and v¢ then
follows from the standard theory of uniformly elliptic equations, provided f € C*°(S").
Hence 9€) is smooth. By (8.20), u € C>(S") solves with f replaced by Aq, f.

O

The following result improves Theorem under condition (B2).

Theorem 3.2. Let p,q satisfy condition (B2) in Theorem and dp = deSn where
f 1s an even, non-negative function and fSn fdosn > 0. Assume that f € L7 (S™) if
q* # +oo, or f € L5(S™) for some s > 1 if ¢* = +00. Then there is a convex body
Qe K§ such that @,,q(Q,w) = u(w) for all Borel set w C S".

Proof. We use an approximation argument similar to [4]. For positive integers j, let

dp; = fjdosn be a sequence of measures, where f; is a truncation of f,
j if f(x) = j,
filz) = q f(@) if 1/ < f(x) <,
1/j if f(z) < 1/j.
Recall that 7, satisfies (1.§). Hence by Theorem , there is a 52]- € K§ such that,

(3.23) épq(Q w) = pj(w), for any Borel set w C S",

and if 7; = re, and u; = ug, then

(3.24) (]g a@?duj)”(f Fdose )" = x0Ty () 2 X0 Ty (B1) 2 1/,

for a positive constant C,, , > 0, independent of j.
1

Let Q; = )\jflj, where )\; = (fSn f?dagn> ‘ so that

(3.25) ][ rd dog. = 1.

18



Let u; = ugq,, rj; = rq, and L; := maxg» u;. As in the proof of Proposition for
a small constant § > 0, let S = S" N {u; < 4§}, Sj = S*N {6 < u; < 1/6} and
S5 =S"N{u; >1/6}. Tt is not hard to see that

(3.26) 1S7| = 0 and |S}| — 0, if L; — oco.

First let us consider the case ¢* # oo. Denote v = —p > 0 and r} = o, the radial
function of 2} (the polar set of €2;). We have

P _ -
™ S{usiusy
=y

. 9 =
E3

(3.27) < C / r dogn ) f.qg’7 dogn )
( gn 7 > ( s J )
(3.28) — 0§, if L; — oo,

where f € L7 (S"), (B.1), (3.25) and (3.26)) are used for the last line. As the LHS of
(3.24)) is rescaling invariant, its value is unchanged if @;, 7; are replaced by u;,r;. We

conclude that L; are uniformly bounded, by (3.25)), (3.28) and sending 6 — 0. As in the
proof of Proposition , we also deduce from ([3.25) that [; := ming» u; stay uniformly

away from zero.

In view of (3.23)), for ¢* # +oc.
(3.29)

/n Pdog :/Sn @du; :/Sn 7 fidogn < (/ 7} dos. ) (/S [ dos) T

The first equality in (3.29)) together with (3.24)) shows that

/n f?dagn > 1/Cf7n7p7q > 0.

+ C(s/ fdeSn + 057
Sy

While the inequality in (3.29), (3.1) and f € L7 (S") give
/; f?do’gn S Cf,n,p,q-

Hence 1/Cfppq < Aj < Crppg, for a constant Cy,, ;4 > 0 only depending on f,n, p, q.

The above estimates for L;, [;, A; imply maxg» ug, and mingn Ug, are uniformly bounded
from above and below. By the Blaschke selection theorem, §2; converges, after passing to
a subsequence, to a €2 € Kf in Hausdorff distance. By the weak convergence of L, dual
curvature measures [33, Proposition 5.2], it follows from that 6p7q(Q,w) = p(w),

thus completing the proof for ¢* # +oc.
19



When ¢* = +o0, (3.27) and (3.29) still hold if ¢* is replaced by a = 4. Hence we
can finish the proof by the same discussion as above.

O

Next we prove Theorem [1.1]

Proof of Theorem[1.1] By Theorem and by the homogeneity (1.8)), there is a o € £
such that ug, is a solution to the equation (1.3) with f = 1 and 7, ,(€) = max{7,,(%?) :
Q€ K5}, We deduce from Theorem that

\7197(1(31) < \7174](90)'

Therefore ug, # up,. While up, = 1 and ug, both solve (1.3) when f = 1.

4. SHARP POINCARE INEQUALITY ON S"

This section is devoted to the Poincaré inequality on S™. This inequality is well-
known and has many applications. It can be proved by studying the eigenvalues of the
spherical Laplace operator [36]. We prove it by the stability of the unit ball B; under
the functional and the uniqueness of the self-similar solution to the powered Gauss

curvature flow (|1.4)).

Theorem 4.1. We have
(i)

. |[Vn|?dosn
inf{% : n € C®(S") is even, ]g ndosn = 0,1 % 0 } =2n+ 2;
Sn mn n
(i)
fSn 772d0'§,n

Remark 4.1. By approzimation, Theorem holds for n € WH2(S™).

i€ C(S"), ][ ndagn:O,n¢0}:n.
Sn

Proof of (i) in Theorem[{.1 Let Q = {2 € R"™ : 2.2 < 1+tn(x)} € KE. Consider
Tp(h) i = Tpms1 ().
20



By Proposition , or more precisely by letting ¢ =n + 1 in (2.17]), we have
d? _
) = 1) f 0= s £ [VnPdose.
n S’VL
When f =1 and ¢ = n+ 1, (L.3)) is the equation of the self-similar solutions to the
flow (1.4) with p=1—1/a. By [1, 2, 8], v = 1 is the only solution for p € (—n — 1, 1)
E|. By [3,[19], the equation ([1.3)) with p > —n — 1 and ¢ = n 4 1 admits a solution which

maximises the functional J,. We therefore conclude that

(4.1)

t=

d2
ﬁ t:(]jp<Qt) S 07 Vp >-—n—L
This together with (4.1)) implies, by letting p — —n — 1,
1
4.2 — 7)*dosn < *dogn.
(1.2 J = npdos. < s f (Vo

We next show (4.2)) is sharp. Assume not, then for sufficiently small e > 0, there is
an even 1. Z 0, 7. = 0, such that

|Vne|2dosn = (2n + 2 — 2¢) ][ n2dogn.
S sn

Let QF = {z € R"™: 2.2 <1+#n.}. Then for p=—n —1+ ¢ we have by (4.1,
d2
2
This means, by virtue of [3, [19], there is another convex body €' # B; maximising
J-n-1+e among K§, and ug solves (1.3) with f =1, p=-n—1+4¢, and ¢ = n + 1,

contradicting with the uniqueness of the solution.

Tonerel ) == f afdoss >0,

n

t=0

[
Proof of (ii) in Theorem[4.1 Consider the functional

~ 1 1
(4.3) Tp(Q, 2) = - log ][n ubdosn + —— log ]én r"dogn,

where z € Int €2 and u,,r, are the support and radial function of €2 w.r.t. the centre
z, namely u.(x) = max{(y —z2) -z : y € Q} and r,(§{) = max{\ : \{ + 2z € Q}.
This functional was used by Andrews-Guan-Ni [3] in the study of the flow (1.4)) with
a = (1 —p)~'. Note that the second term on the RHS of is independent of z, as

= Jon 2 dogn = Volume(9).

2In fact u = 1 is also the unique solution for p > 1 and p # n + 1, see e.g. [32].
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Given €, let z, = 2.(€2) be the entropy point of €, namely 2z, minimises
2 J,(9,2), among all z € Int Q.

For p < 1, it was proved in [3] that for each bounded convex Q with Int Q # (), there

exists a unique entropy point z. € Int{), and one readily sees

(4.4) /S — —doge () = 0.

n Uz, ()

Let Q = {z e R"": 2.2 < 1+1tn} € Ky. Denote by z(t) = z.(£;), the entropy point
of ;. By Lemma 2.1} we compute, for |¢| very small,

d ~ n Jon T2 dogn _ .
4.5) —Tp(, 2(t —dogn —=2—=—— [ w7 (n—z-x)dogn
(45) g5o(@20) = T ([ oo~ [tz ),

where u,, 7, are support and radial function of €, w.r.t. z = z(¢), and K is the Gauss
curvature of €. Differentiating (4.5)) again, we obtain

16) LTz

1 h”L] (/'72 —+ 7751 ) fSTL r;l-l—ldo.gn » ‘
B W{/ — s _BW/Sn "y — £ - 2)dos,

n + ]. n n+1d0- n o 2
f o / il dO'Sn/ uP~'ndosn + p Jon i 2(/ u? 177d0'§n> },

where 8 =p —1 and h¥ is the inverse matrix of u;; + ud;;. By (4.4]), one has

/ ul™'z - zdoge =0, VYt
Differentiate this identity w.r.t. ¢ to get
(4.7) / ul~?n% - adogn = / ul~?(% - ) dogn.
Hence one infers by plugging in and by Q¢ = By, 2(0) =0,

d? ~ :
e Tp(, 2(8)) = ][ (An + nn)ndog. — S n*dogn + B (2 - x)ndogn
n Sn

t=0 sn
—(n+1 —p)(]én ndasn)2

S Sn Nig
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It is straightforward to see

(4.9) ][ (2 - 2)2dog. = |z;2][ (|—Z.’-x)2dagn _ \z'|2][ 22dos.
n sn R n

Since z(t) is determined by (4.4)), hence depends on p. For clarification, let us denote it
by 2,(t). Then we have by differentiating (|4.4])

0=(p—1) ]én u’z’;é)(n — %, - x)xdosn, for all p < 1.

Sending t = 0, we have
][n nrdogn = ][n (2,(0) - z)xdosn = |2,(0)] ]én (e, - x)xdogn,
where e, = %,(0)/|%,(0)|. Multiplying e, at both sides one deduces
(4.10) 12,(0)| = <f a:fdagn>1][ (7 - ep)ndogn < Cn|pigny, for all p < 1.
As B; maximises jp among all Q € Ky [1, 2 3], 8], we have by plugging in
0 2 —f [ViPdows + (- 1=p) f (0= Pdose+ (0= DI5OF f aidore.
Sending p — 1, we get by
(4.11) ][ (n —n)*dogn < 1 |Vn|*dogn.
Sn n Jsn

It remains to show (4.11)) is sharp. If not, then for sufficiently small € > 0, there is an
ne # 0, 7. = 0, such that

Vi [2dog. = (n— V&) f nidos:.
sn sn
Let QFf = {z € R"™ : 2.2 <1+#n.}. Then for p=1-—¢, by (4.8) and (4.10)
2~ ,
T 50) = (VE+o) f spdoss — el2i-.(0)
Sn

> C7Welnlygny — CelnelTasny

2
7 xidogn
> 0,

|2
t= sn

provided ¢ sufficiently small. This implies that B; is not a maximiser of jp, thus arriving

a contradiction.

O
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